It is shown that the finiteness of eigenvalues in a spectral gap of a definitizable or locally definitizable selfadjoint operator in a Krein space is preserved under finite rank perturbations. This results is applied to a class of singular Sturm-Liouville operators with an indefinite weight function.
Introduction
Let A and B be selfadjoint operators in the Hilbert, Pontryagin or Krein space H, and assume that the resolvent difference of A and B,
has finite rank n. In the case that H is a Hilbert space it is well known that the dimensions of the spectral subspaces of A and B corresponding to a bounded interval ∆ ⊂ R differ at most by n; this result is particulary useful when considering the eigenvalues in gaps of the continuous spectrum. A similar result holds in a Pontryagin space with negative index κ where the spectral multiplicity can change by at most n + 2κ. If H is a Krein space with infinite positive and negative index such an upper bound does not exist, moreover, a finite rank perturbation of an arbitrary selfadjoint operator will in general not preserve finiteness of eigenvalues in a gap of the continuous spectrum. It is the main objective of this note to prove a result on the finiteness of eigenvalues in spectral gaps under finite rank perturbations for a particular class of selfadjoint operators in Krein spaces. Here we consider the class of definitizable and locally definitizable selfadjoint operators studied by H. Langer in [30, 31] and P. Jonas in [16, 17, 19] , respectively. Recall that a selfadjoint operator A in a Krein space (H, [·, ·] ) is said to be definitizable if ρ(A) = ∅ and there exists a polynomial p such that p(A) is a nonnegative operator in (H, [·, ·] ), and that A is locally definitizable over some R-symmetric domain Ω if, roughly speaking, A is the orthogonal sum of a definitizable operator and a selfadjoint operator which has spectrum outside Ω; cf. Definition 3.1. It is known from [3, 6, 21 ] that definitizability and local definitizability are preserved under finite rank perturbations in resolvent sense. Our main result in this note states for locally definitizable selfadjoint operators A and B with (1.1) having finite rank that the number of distinct eigenvalues of A in a gap in the continuous spectrum is finite if and only if the same is true for the number of eigenvalues of B. It is convenient to formulate and prove this result for the slightly more general case of selfadjoint relations. We remark that our result is of somewhat different nature than the perturbation results in the Hilbert and Pontryagin space situation mentioned in the beginning: Here also eigenvalues of infinite multiplicity in the gap are allowed. 
The resolvent set ρ(A) of a closed linear relation A is the set of all points λ ∈ C such that holds for all x ∈ dom(p(A)). For a detailed study of definitizable selfadjoint operators and relations we refer to the fundamental paper [31] of H. Langer and to [14, §4 and §5] .
We recall briefly the notion of locally definitizable selfadjoint operators and relations. For this, let Ω be some domain in C which is symmetric with respect to the real axis such that Ω ∩ R = ∅ and the intersections of Ω with the upper and lower open half-planes are simply connected. Let A be a selfadjoint relation in the Krein space K such that σ(A) ∩ (Ω\R) consists of isolated points which are poles of the resolvent of A, and no point of Ω ∩ R is an accumulation point of the nonreal spectrum of A in Ω. 
and the following holds.
2 is a selfadjoint definitizable relation in the Krein space EK.
Locally definitizable operators were defined in a different way in [16, 17, 19] , which is equivalent to the one given in Definition 3.1, see, e.g., [6 
Finite rank perturbations and eigenvalues in spectral gaps
In this section we investigate finite dimensional perturbations in resolvent sense of locally definitizable operators and relations in separable Krein spaces. The main result is Theorem 4.3 below which states that a finite rank perturbation preserves the finiteness of eigenvalues in gaps of the continuous spectrum.
In the following let A and B be selfadjoint relations in the separable Krein space K and let Ω be a domain in C symmetric with respect to the real axis such that Ω ∩ R = ∅ and the intersections of Ω with the upper and lower open half-planes are simply connected. In the following we assume
and that
is of finite rank (4.2)
for some, and hence for all,
The following proposition is well known for selfadjoint operators in Krein spaces; cf. [15] or [24] . In the case that A or B is a relation the statement follows, e.g. from [14, Corollary to Proposition 2.1 and Proposition 2.5] applied to the Cayley transforms of A and B, which also differ by a finite rank operator according to [13 
The following theorem is one of the main results from [6] and is recalled here for the convenience of the reader; for the special case of definitizable operators see [3, 21] . In the next theorem we assume that some open connected set ∆ ⊂ Ω ∩ R contains only finitely many spectral points of the unperturbed relation A. We point out that eigenvalues of A with infinite algebraic multiplicity are not excluded. In general, see Proposition 4.1, a finite rank perturbation in resolvent sense may lead to infinitely many eigenvalues in ∆. It is the content of the next theorem that in the case of (locally) definitizable relations this does not occur. In the special case of definitizable selfadjoint operators or relations the above results reads as follows. Proof. The proof of Theorem 4.3 is divided into four steps. In the first two steps the result is shown for an interval ∆ and the special case of rank one perturbations in resolvent sense. The first step is preparatory and mainly based on considerations in [6, Proof of Theorem 2.2], and the second step contains the main argument. In the third step a successive application of the rank one perturbation result yields the assertions in the theorem for the case of an interval ∆. The case that ∆ is an open connected set with ∞ ∈ ∆ is discussed in the last step of the proof.
Step 1. Let us assume that the difference of the resolvents of A and B in (4.2) is a rank one operator. Then there exist ϕ, ψ ∈ K, ϕ, ψ = 0, such that
holds. As in [6, Proof of Theorem 2.2] one verifies the formula
, where the mappings Γ λ ∈ L(C, K), λ ∈ ρ(A), are defined by
with some constant ν 0 ∈ R; cf. (2.10) and (2.16) in [6] .
Step 2 Step 3. Let us assume that the difference of the resolvents of A and B in (4.2) is of finite rank. According to (4.3) it is no restriction to assume that λ 0 in (4.2) is a real point in ρ(A) ∩ ρ(B) ∩ Ω, so that the resolvent difference in (4.2) is a selfadjoint operator in K. Then there exist n ∈ N and bounded selfadjoint rank one operators F j , j = 1, . . . , n, such that
We define linear relations A k , k = 0, . . . , n, by
Then we have A n = B and by
is a rank one operator. Hence a successive application of the rank one perturbation result from
Step 1 and 2 completes the proof in the case of an interval ∆.
Step 4. Assume now that ∆ is an open connected set with ∞ ∈ ∆ such that ∆ ⊂ Ω ∩ R. Then ∆ \ {∞} decomposes into two open (unbounded) intervals I 1 and I 2 . We apply the perturbation result from Step 1-3 to the intervals I 1 and I 2 . Together with Proposition 4.1 applied to the point ∞, the assertions of Theorem 4.3 follow.
Spectral gaps of singular Sturm-Liouville operators with an indefinite weight
In this section we apply Theorem 4.3 to definitizable and locally definitizable differential operators associated with the singular indefinite Sturm-Liouville expression
on R. Here the coefficients w, p −1 , q are real valued and locally integrable, w(x) = 0 and p(x) > 0 for almost all x ∈ R. The weight function w changes its sign and it will be assumed that the following condition (I) holds:
(I) There exist α < β, such that w(x) < 0 for almost all x ∈ (−∞, α) and w(x) > 0 for almost all x ∈ (β, ∞). Let L 2 |w| (R) be the space of all equivalence classes of complex valued measurable functions f on R such that R |f (x)| 2 |w(x)| dx is finite and let
be the usual (weighted) Hilbert space scalar product in L 2 |w| (R). We also equip L 2 |w| (R) with the indefinite inner product
is a Krein space and the fundamental symmetry J, 
Besides the indefinite Sturm-Liouville expression in (5.1), we consider also the definite counterpart
and it will be assumed that following condition (II) holds for τ : (II) The differential expression τ is in the limit point case at ∞ and −∞. Denote by D max the set of all functions f ∈ L 2 |w| (R) such that f and pf are absolutely continuous and τ (f ) ∈ L 2 |w| (R) (or, equivalently, (f ) ∈ L 2 |w| (R)) and define the maximal Sturm-Liouville differential operator T associated to the definite differential expression τ by
It follows from (II) that T is selfadjoint in the Hilbert space (L 
Since T is selfadjoint in the Hilbert space L [11] , A αβ is a definitizable operator and the hermitian form [A αβ ·, ·] has a finite number of negative squares. Moreover, the spectrum of A αβ consists of isolated eigenvalues with finite algebraic multiplicities which accumulate only to ±∞ and the set C \ R, with the possible exception of finitely many eigenvalues of A αβ , belongs to ρ(A αβ ).
